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In the present paper.we obtain a finite integral involving
general class of polynomials and I-function. Next with the
application of this and the lamma due to Srivastava et.al.
[12], we obtain two general multiple integrals relation
involving general class of polynomials. I-function and
two arbitrary function f and g. By suitably specializing
the functions f and g occuring in the main integral
relation, a number of multiple integrals are evaluated
which are new and quit general in nature.
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1. Introduction :

The I-function introduced and studied by Saxena occuring in this paper is defined as

follows[10];

(@, @) 1ns (@i, Qi )t i

Izl = Ig.lel = g | = ) o
(bj, ,D)j}l_m- (bjis Bji ) m+1,9:
1
- - NTaes .
i ./,;“5)‘ dg (1.1)
where w = /—1,
T, — 3€) T T(1 —a; + ¢)
() = —F— = (1.2)
NI ATA=bu+ 50} 1 Tlagi —az8)}
i=1 j=m j=n+
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pi(i = 1,---,7r), qi(t = 1,---,7), m,n are integers satisfying 0 <n < p, 0 <m <
gi, (i = 1,---,r), ris finite,a;, 8}, @i, B;: are real and positive and a;, b;, aj;, bj; are complex
numbers such that

ajlby +v) # Bulaj —v—k)h=1,--- mj=1-- n

Srivastava [11]has introduced the general class of polynomial

sm[z]—wf] Cme g =012, (1.3
n [F] — A Ap gl =1, 1, 4, }
k=0 -

where m is arbitrary positive integer and coefficientsA[n, k(n,k > 0) are arbitrary con-
stant, real or complex.

we shall use the following notations; A* = (a, @j)1.n, (@50, @i )ni1p, ;. B (05, B1)1m, (bsi, Bii)m1s
Agarwal and Chaunbey [2], (see also Srivastava and Manocha [13], p.447, eq(16)) studied

the following general sequence of function:

P 4+ B q d)—s
R*V[w;a,b,s,d;p,q; 7, 8;w(z)] = laz? + by sz + d)

kpw(x)
xTE[(ax” 4+ b)* 7 (527 + d)*Trw(z)] (1.4)
with the differential operator T}, being defined as
Tiy = z'(k +zD,) where D, = % (1.5)
In (1.4), {k,}, (n=0,1,---,00) 1s a sequence of constants, w(z) is independent of n and

differentiable an arbitrary number of times. The definition (1.4) was motivated essentially
by an earlier work of srivastava and Panda [14] (see also srivastava and Manocha [13]).
On taking w(z) =1, p=d =1, s = —7 in (1.4) and replaying s by  therein we arrive
at the following polynomial set after making some obvious changes in parameters (see

Gupta et. al. [4]):

ST pr s, q, A, Bk, 1) = (Az + ) *(1 — ') %"

x Tr [(Az + B)*t9(1 — 72h)/m"] (1.6)
The explicit form of the generalized polynomial set given by (1.6) is

Y [ L —— — — (Y — T
SES‘S’T}[I;T,S,q,A,B,k,l] _ BG"II"(]. _TI{js—nEn Z (=1)P(=v)u(=pe(—a — qn)e

e ulvlelp!
@((e +k+ru)/l){rz" /(1 — 72")}"(Az/B)P (1.7)
(1 —a—p
where o
> =233 (1.8)
e.p.un v=0u=0 p=0e=0

Taking 7 — 0 in (1.7), we get the following
S0z :r q, A, B, kI = (Az + b)“exp(sx") T}, [(Axr + B)* " exp(—sz")]

= > éle,pu,v)a" (1.9)
e,p v
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where
1Y (—a) (—. vy —
@(E,P, u, 1.') _ Bqﬂ—lln{ 1) ( t}tﬂ( p)E(Q)P ( o qn' (E +k+ ?"U.) ArPRT {110}
wolelp! (1 —a — ple [ N
and

L=In+p+rv, (pv=01,---,n) (1.11)

It may be pointed out here that through the polynomial set defined by (1.6) is a special
case of the general sequence of functions (1.4), yet this polynomial set is sufficiently
general m nature and it unifies and extends a number of classical polynomials introduced
and studied by various research workers such as Chatterjea [3], Gould and Hopper [5],
Krall and Frink [7], Singh and Srivastava [15] etc. Some of special cases of (1.6) are given
by Saigo, Goyal and Saxena [9] and Agarwal, Pareek and Saigo [1]. Moreover, the explicit
series form similar to (1.7) may not be easily obtainable for the sequence of functions
defined by (1.4).

2. Results Required :

The following results will be required in establishing our main integral relations:

(1) Lemma (Srivastava et.al. [12]): Let the function f(z) and g(x) be integrable over
the semi infinite integral (0, >c) and define

/2
F(R) = f h(R, 0)df (2.1)
0

where h([2,f) is an integrable function of two variables in the rectangular region

0 < R < o0, 0< 6 < 7/2. Then

[ f F@2 + y2)h{(a? + y)) 2, tan\(y/7) }da:dy_% fOFVDEE  (22)

and
OO0

[ [+ 2 1+ 2 gltan {(@*45%) 2 YR (02y>+2%) an ™ (y/2) dadyds
Do

c:r..____’g

= [f Fl® 4+ v¥)gltan " (u/v)] F[(u® 4 v*)"/?|dudv (2.3)
00

Provided that the various integral involved are absolutely convergent.

(i) A result due to Kalla et.al. [6]:

at ("1; “'1;'. ‘4-{;) Lp"s (EJ'J Eﬁ}l,ﬁi ' (g‘é'. Gi) L.p} -l

H'at, bt] = 100 Lmaitns
Lot | (8 B B ra, (0,1), (f5 F)rgg, (0, 1), (hyy Hy)rgy |

i N L A

) M’

wz—u HM) M’! (2.4)
where
M '.,_f’
(M) E &' (M — N, N")@, (M’ — N")64(N")(b/a) (:\r* ) (2.5)
225 International Journal of Engineering, Science and Mathematics

http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

ISSN: 2320-0294 [LImpact Factor: 6.765

3. A Useful Integral :

We obtain the following integral, which will be required in the next section:

9
gilath)e (sinf)™ ! (cosﬂ]'S_ lg# RSI:‘ [111 H%‘JI.‘BA'TUH""JJEII (sz’nﬂ)l (cost)*] Sﬁ"‘a"o [ya RS tm)e

m

-

o

(sinf)“(cosf)" : 7', q, A, B, k, [|H'[ae"" T (sinf)" (cosB)”, be'" ") (sinf)" (cosh)’]

(o146 o (=) m Ak
I[gﬁ’gmei{al+‘3'Jﬁ(sin9}ai{Cosn?}‘s']dﬂ = Z Z IR yryh R
k=0 Mr=01id.t'p
. . ; Ak + (L M’
R (=a) ™ 9(i, 8, p)(M') Aus eapl AT CL oMy
(1—a—Me—(L—oM,oy)
f::fzfq%_,_g:,. zR?»exp(ina [2)

B-&
1 —f3—wk—nL—pM o), A*
| Ui P

(l—a—(A+wk—((+nL—(c+p)M' o1+ 8)

The integral (3.1)is valid under the following set of conditions:
(1) oy = 0,01 > 0, Re(ar) = 0, Re(3) > 0
(1) [Re(a) + oy I{r;r}i{nmRe(bj/‘IBj]] > 0, [Re(3) + & lqmjinm Re(b;/53;)] = 0.

(ili) m is an arbitrary positive integer and the coefficients n, k(n, k > 0) are arbitrary
constants, real or complex.

(iv) The series occuring on the right hand side of (3.1) is absolutely convergent.
Proof:

To prove (3.1), we first express the general classes of polynomials and the I-function
of two variable occurring on the left hand side of (3.1) in series form given by (1.3), (1.8)
and (2.4) interchange the orders of summations and integration (which is permissible
under the conditions stated). Now, we express the [-function in Mellin-Barnes contour
representation given by (1.1), interchange the orders of f and £, integrals and evaluate
the 6 integral with the help of the following known result Mac Robert [8]).

w/2
f @80 5inf)* Y (cosh)?~1df = explina/2)
i

Fal's

Ta+ 5 (32)

Finally we interpret the result thus obtained with the help of (1.1) and easily arrive at
the desired result (3.1)
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4. The Main Integral

The following double and triple integral relations will he established in this section.
ffIS Lye=1(z? 4 )-8 2eppli(a + B)tan™! (E) — u(z? + )2} f(2? + 4P
T
00

S™y; expli(A + w)tan™! (E) Yytat (x? + y?)e T
T
S280yy exp{i(¢ + n)tan! (2) Yol (x? 4+ y?)r 2 g A B,
r
Hacaplilo+ptan™ (L) }y7a(@®+y") " 2 beaplilo-tp)tan™ (L) }y7a? (ot y%) 72

I[z exp{i(oy + 6;)tan™ (%)} 2Pyt (22 4 )P lertanl /)
|

ils

1 e (—n)mk ) im(a+ Ak + (L +aM’
§ z Z k'i"f” l].’cl é‘( a)qf(p(z dtlp) (111)471;‘:61:?{ 2 }
=0 M'=01,48,0,p
. (1—a—Ae—(L—oM' ay)
[ twrk+pLE—usz;:f2-ﬁ+2:r zy tPrexp(imoy /2)
D . Bt
(1 -5 —wk—nL—pM:§)A*
ft)dt (4.1)
(l—a—B—A+wk—(+nL—(c+p) M, o1+5)
and

0“-.___'8

o0 oo
ff:r'ﬁ Lya (224 ) 1A 2 pp fi(a+ B)tan ™ (%) — (B2 + 22 (27 4+ 22)
0D

22 4y 2)1/2 , _ | |
-Flm’”'_l&]w[yl (% +y* + 2%)“ exp{i(A + w)tan™’ (%)}y*r“‘(x9+y2)_“+“’w

81 (2 4P+ 22 enpli(C+mtan” (L) }fa(@ 44 Vg, A, B
H'[a exp{i(o+p)tan (%) by 2 (2 +y°) P2 b exp{i(o+p)tan ! (%) W af (z4y%) T2

Iz (224 y* + 2)exp{i(oy + 6;)tan™! ( )} oy (2?2 4 y?) (12

2 n)m a+ M+ (L+aM
S 3 Gl )0, )M Ay eap (O NEE L H AT
k=0 M"'=01id.c.p

f f fu? 4+ v?)g{tan™! (%)}{ug + )kl erpl—p(u® + o)}

(1—a—Xe—(L— oM, 0q)

‘r;:fthz,-ﬂzr { 71 (u® +v?)Plexp(ino, /2)

Bt
(1— B —wk—gL—pM'.5;) A*

] du dv (4.2)
(l-a—3—(A+wk—((+nL—{(c+pM o1+ d)

where sets of conditions (1), (11), (iii) and (iv) mentioned with (3.1) are satisfied.
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Proof :
To establish the integral relations (4.1 ) and (4.2) we take in (2.1)

/2

=

h(R,0)df = L.H.S.of(3.1) (4.3)

OL-..___‘

we obtain F(R) = R.H.S. of (3.1)

Now substituting the values of h(R.#) and F(R) in (2.2) and (2.3) in succession, we obtain
the integral relations (4.1) and (4.2) after little simplification.

5. Special Cases :

The integral relations (4.1) and (4.2) are quite general in nature on account of the
arbitrary nature of the functions f and g and also on account of the presence of H-function
of two variables, the I-function and general classes of polynomials. A very large number
of (known and new) integrals can be derived as special cases. We mention below a special
case of our result.

If wesetw=A=(=n=0and max (g1,.d;) = 0 in (4.1),we get

[ [ v ) e renplitatB)tant (L) —u(a )2} @ y2)ST I (@)
Do

Sn 2 (2 + )7, q, A, B,k [|H[a exp{i(o + p)tan™ (%) YyTaf(2® +y?) TR,

b exp{i(o + p)tan (%) Yoz (2 + o) TRz (2 + )P exp{(in + 01)/2])dxdy

1= = ) m (e + wM’)
52 Z > k.u,,k ys (—a)'6(i, 6, p)¢ (M)‘in:cerp{f}
k=0 M'=0148.0.p
D(a+ o M)D(B + pM") [ . |
F-EZ+Z+L-'&*+£HJI g kPl i [ [y P exp(imory /2)] f(t)dE (5.1)

If we further put M =1, N =0 K =0, Agp=1land A=1,B=0g=k=01l=+"=1
and n = 0 in (4.1)and (4.2) then both the polynomials reduce to unity and we arrive at
a number of results similar to those considered by Srivastava et.al. [12].

6. Applications :

By suitable choosing the functions f and g in the main integral relations, a large
number of interesting double and triple mntegrals can be evaluated. We shall however,
obtain here only one double and one triple integral by way of illustration.

Thus if in (4.2), we set

g(t) = e (sint)* (cost)’ ' H'[ae' "t (sint)? (cost)”, b "7 TP (sint)° (cost)”] (6.1)

We arrive at the following integral relation on making use of (5.1)

1:&-.___.8

o0 0O
ff 2Py (@)@ +2?) T f (2 P + 2% expli(a+ B)tan (g)
00 |

@+ ) 9, 9 9w 9, 9y (Atw)/2
+tan | —————— | }Sy [z +y +27)" exp{i(A+w)tan” ( )}:r M2 y?) ")/ ]

SEE00yy(a? + 4 + 2 eopliln+ Otan (L) Jary (2 + ) 1 g A B,k
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Haeaplilr+p)tan= (£)}ary7 (x*+92) "2, beap(i(o+ptan~ (L) }ary (a®4y?) o+

Iz (2 + 4 + 227 expli(oy + 6y )tan™! ( )} Py (22 4 4P R dr dy d

[l
b =
(]
MB

Jmk L u +M" "
>, S Yive (—a) (i, 8,1, p) An (M) p(M")
k=0 M' M"=0135tp k"‘IIM !

im(2a + Mk + (L + oM +aM”
2

e+ aM")I(B + pM")
Ia+ B +oM"+ pM")
(1—a—Xe—(L—oM' o)

I

Aw kL, _““"H}.{'_;‘E:_l ( z1 tPexp(imoy [2)
Bt
(1 -5 —wk—nL—pM, §) A -‘
f(t)de (6.2)
l—a—B-A+wk—(C+n)L—(o+p M oy +6)

The conditions of validity of above result can easily be derived frome those mentioned
with(3.1).
Next we take

f(t) = H'[ct, dt] (6.3)

and evaluate the t-integral occuring on the R.H.S. of (4.1) and (6.2) with the help of
Gamma functions and arrive at the following multiple integrals after simphifications:

o0

frﬁ—lya—l(xg 4y @ 2o b0+ B)tan™! (E) — (2 + )Y
X

0

STy exp{i(A +w)tan”" (%) by (2?4 7)Y
S5y exp{i(n + (Jtan™" (g) Yalyt (2 + y?) TR g A B
.HF[{I- E’Ip{?:(o’—FP)fﬂ-ﬂ-_l (%) }yﬂxﬂ{lﬂ_’_yﬁ]—(atﬂ}m, b EI]J{'I:(O'—FP)ITGH-_I (%) }yﬂxﬂ{zﬂ_’_yﬂ)—(ﬂtﬂ}fﬁ]

He (2® + ) d(z* + )1z expli(o1 + 61)tan™" ( )} 2y (22 4 )Pt dpdy

=]
& - ™ AW 11 M g
I T 0 00,6, )OS A~ ()
k=0 M/ M™M=0i60p
(Qf#gwlk_'_gp[‘_'_g‘um_'_g) ezp {E'R'(Ct' + Ak —;L— QL + alMl }
_ [ (1 —a—Xe—(L—wM, o),
I:f;qiﬂ 21 pPrexpliney [2)
| B’
(1—-p—wk—nL —pM' oy),(1 — %'k —2pL — 2M™, 2p;), A*
(6.4)
(I—a—=8-A+wk—((+n)L—(o+p)M, o1+ )
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